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For the special case e D 0 and NNai D 0, it is possible to derive a
� rst integral of these equations. This can be done by multiplying
Eqs. (24–26) by u 0, v 0, w0, respectively, and summing. We obtain

[.u0/2 C .v 0/2 C .w0/2]0 D .3v2 ¡ w2/0 ¡ .A=¾ 3/.¾ 2/0 (27)

Integrating this equation (with respect to µ ) we then obtain

.u 0/2 C .v 0/2 C .w 0/2 ¡ 3v2 C w2 ¡ 2A=¾ D constant (28)

This � rst integral can be consideredas an “extension”of the Jacobi
� rst integral7 for the restricted three-body problem in two dimen-
sions.

Finally we would like to consider the two-dimensional restricted
three-body problem (i.e., the spacecraft trajectory is in the x ¡ y
plane) with e D 0 and ai D 0.

To treat this problem, we introduce

u D ¾ cos Á; v D ¾ sin Á (29)

Equation (28) then becomes

.¾ 0/2 C ¾ 2.Á0/2 ¡ 2A=¾ D 3¾ 2 sin2 Á (30)

Furthermore, by differentiating ¾ 2 D u2 C v2 twice and using
Eqs. (24–26) and (28) we obtain

¾ ¾ 00 C .¾ 0/2 ¡ 2¾ 2Á0 ¡ A=¾ D 6¾ 2 sin2 Á (31)

It is easy to verify that (as in the classical case) the system (30),
(31) has an (implicit) solution when Á.µ/ = constant. Moreover we
can reduce Eqs. (30) and (31) to a � rst-order system by changing
the independentvariable from µ to ¾ and introduce p D d¾=dµ as a
new dependent variable. After some algebra we obtain

p2

"
1 C ¾ 2

³
dÁ

d¾

2́
#

¡ 2A

¾
D 3¾ 2 sin2 Á (32)
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Conclusions
The equations derived in this Note for the restricted three-body

problem in three dimensions closely resemble those that were de-
rived by Carter and the author in a recent paper. They will be
amenable to treatment by analytic and computationaltechniques.In
this Note we considered only the equations of motion in a gravita-
tional force � eld. However, we would like to conjecture that similar
equations can be derived for the same system in a general central
force � eld with the presence of linear drag as was done in the case
of a spacecraft and a satellite.

As to the accuracy of the approximate rendezvousequations,we
observe that we made two approximations in their derivation. The
� rst results from neglectingthe spacecraft’s in� uence on the motion
of the other two bodies in the system. The second is from the lin-
earization of the equations of motion under the assumption r ¿ R.

From a practical point of view, the � rst approximation is well
suited for all celestialapplications.The second becomes more accu-
rate as r=R ! 0. Thus, unless the two celestial bodies are extremely
close to each other the linearization of the equations of motion is
well justi� ed.
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I. Introduction

T HE problem of stabilization of the angular velocity of a rigid
body, modeling a simple satellite, has been addressed by sev-

eral authors and is discussed and solved in this Note from a new
perspective. From a control theoretic point of view the most inter-
esting and studied case is the one of a body operating in failure
con� guration, that is, with only one or two independent actuators
acting on the system. More precisely,in Refs. 1– 4 it was shown that
the zero solution of Euler’s angular velocity equations can be made
asymptotically stable by means of two control torques, whereas in
Refs. 5–8 the same problem has been addressed and solved in the
case of only one control torque. Robust stabilizationhas been stud-
ied in Refs. 9 and 10, andstabilizationusingpartialstate information
has been addressed in Ref. 11. Finally, the problem of stabilization
of nonzero (relative) equilibria has been studied in Refs. 11–13. In
almost all of the aforementionedpapers (Refs. 3, 12, and 13 are no-
table exceptions) the stabilization problem has been addressed and
solved without making use of the special structure of the system
to be controlled, that is, stabilizing control laws have been derived
usingvarious techniques,suchas backstepping,centermanifoldthe-
ory, homogeneity considerations, and control Lyapunov functions
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methods,butwithoutexploitingthephysicalandmathematicalprop-
erties of the system. On the contrary, in the presentNote the Hamil-
tonianstructureof the systemis exploitedin the designof stabilizing
control laws. New state feedbackcontrol laws, asymptoticallystabi-
lizing the zero equilibrium of the underactuated Euler’s equations,
are proposed.Note that the design proceduresproposed in this Note
not only make use of the Hamiltonian structure of the system to be
controlled,but yield closed-loopsystems possessinga Hamiltonian
structure.

There are various advantages in preserving (in the closed loop)
the physical (Hamiltonian) structure of the system (see Ref. 14 for
further details). First, the control action has a clear physical inter-
pretation as the interconnection of the system with the controller.
Hence, stabilization can be understood in terms of energy balance
between system and controller. Second, because Hamiltonian sys-
tems are passive with respect to physically meaningful outputs, a
margin of robustness, vis a vis uncertain parameters and unmod-
eled dynamics, is ensured. Finally, the control parameters can be
interpreted as playing the role of dampers and springs.

II. Model
Consider a rigid body in an inertial reference frame, and let x1,

x2, and x3 denote the components of the angular momentum vector
along a body-� xed reference frame having the origin at the center
of gravity and consisting of the three principal axes. The Euler’s
equations for the rigid body subject to m external control torques,
generated by pairs of gas jet actuators, are

Px1 D .1=I3 ¡ 1=I2/x2x3 C B1u

Px2 D .1=I1 ¡ 1=I3/x3x1 C B2u

Px3 D .1=I2 ¡ 1=I1/x1x2 C B3u (1)

where I1 > 0, I2 > 0, and I3 > 0 denote the principal moments of
inertia, u 2 IRm the control torques, and BT

i 2 IRm the coef� cients
dependingon the locationsof the actuators. (Note that gas jet actua-
tors are operated in an on–off mode; hence, they generate a discon-
tinuous control action. In what follows we disregard this important
issue and concentrate on the design of continuous control laws.)
System (1) can be rewritten as

Px D [J .x/ ¡ R.x/]
@ H T

@x
C Bu

with BT D [BT
1 ; BT

2 ; BT
3 ], that is, as a port-controlled Hamiltonian

system with internal Hamiltonian (energy) H .x/ D 1
2
.x2

1 C x2
2 C

x2
3 /; interconnection(Poisson structure)

J .x/ D ¡J T .x/ D

2

64
0 x3=I3 ¡x2=I2

¡x3=I3 0 x1=I1

x2=I2 ¡x1=I1 0

3

75

and internal dissipation R.x/ D RT .x/ D 0. Note that, along the tra-
jectories of the uncontrolled system, one has PH D 0, that is, the
function H .x/ is a Lyapunov function for the zero equilibrium, and
it is conserved along the motion of the system with u D 0.

III. Structure Preserving Stabilization
In this section we brie� y discuss two design methods, namely,

the methods of structure preserving stabilization and of asymp-
totic structure preserving stabilization, for general port-controlled
Hamiltonian systems.

The problem of structure preserving stabilization, or, equiva-
lently, of interconnection and damping assignment, for a general
port-controlledHamiltonian system can be posed as follows.

A. Structure Preserving Stabilization Problem
Given the (port-controlled) Hamiltonian system

Px D [J .x/ ¡ R.x/]
@ H T

@ x
C B.x/u (2)

with state x, control u, internal Hamiltonian H .x/, interconnection
J .x/ D ¡J T .x/, dissipation R.x/ D RT .x/, input matrix B.x/, and
a point xe in the statespace, � nd (if possible) a modi� ed Hamiltonian
function Ha.x/, a modi� ed interconnection Ja.x/ D ¡J T

a .x/, a
modi� ed dissipation Ra.x/ D RT

a .x/, and a (state feedback) con-
trol law u D u.x/, such that the closed-loopsystem is a Hamiltonian
system with modi� ed energy, interconnection,and damping, that is,

Px D [J .x/ ¡ R.x/]
@ H T

@x
C B.x/u.x/

D fJ .x/ C Ja.x/ ¡ [R.x/ C Ra.x/]g
@.H C Ha/T

@x

and the point xe is a locally (globally) asymptotically stable equi-
librium of the closed-loop system.

The � rst requirement can be recast in terms of a system of partial
differentialequations(PDEs) in the (unknown) functions Ha.x/ and
u.x/, once candidatemodi� cationsof the interconnectionJa.x/ and
of the dissipation Ra.x/ have been selected. The solvability of this
system of PDEs has been studied in detail in Ref. 15, where a set
of suf� cient conditions for solvability has been proposed.Note that
to design a stabilizing control law u D u.x/ it is not necessary to
solve explicitly the system of PDEs, but it is enough to guarantee
the existence of a solution with some special boundary conditions.

The second requirement is achieved if

@.H C Ha/

@x

­­­­
x D xe

D 0

that is, if xe is an equilibriumof theclosed-loopsystem, if xe is a strict
local (global) minimum of H .x/ C Ha.x/ and R.x/ C Ra.x/ ¸ 0,
that is, the closed-loop system is Lyapunov stable, and if the trajec-
tories of the closed-loop system converge asymptotically to xe.

Note that a basic ingredient in the precedingproblemformulation
is that the state spacesof the system to be controlledand of the target
closed-loop system have the same dimension. This constraint can
be removed at the expenses of a weaker design goal, as explained
hereafter.

B. Asymptotic Structure Preserving Stabilization Problem
Given theport-controlledHamiltoniansystem(2)with state x and

control u, and the target autonomous port-controlled Hamiltonian
system with dissipation

P» D [ j .» / ¡ r .» /]
@V T

@»
(3)

with state » , internal Hamiltonian V .» /, interconnection j .» / D
¡ j T .» /, and dissipation r.» / D rT .» / ¸ 0, � nd (if possible) a map-
ping z D Á.x/ and a control law u D u.x/ such that the resulting
closed-loop system has the following properties:

1) The set z D 0 is invariant and attractive.
2) The (well-de� ned) restriction of the closed-loop system to

the set z D 0 is a diffeomorphic copy of the target port-controlled
Hamiltonian system (3).

It is obviousthat the asymptoticstructurepreservingstabilization
problem is simpler to solve than the structure preserving stabiliza-
tion one. Nevertheless, in both cases the solvability of the problem
relies on the solvabilityof a system of PDEs with special boundary
conditions.

Remark 1: From the preceding de� nition it is apparent that the
structure preserving stabilization problem is a special case of the
asymptotic structure preserving stabilization problem. Moreover,
the latter takes its name from the fact that the preservation of the
structure is an asymptotic property, that is, the trajectories of the
closed-loop system converge toward the trajectories of the target
Hamiltonian system as the time goes to in� nity.

IV. Stabilization of the Zero Equilibrium
We now discuss the structure preserving stabilization problem

for the zero equilibrium. Note that the solvability of the problem
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Fig. 1 State and control histories for the control law achieving structure preserving stabilization of the zero equilibrium.

and the complexity of the solution depend on the structure of the
input matrix B. In particular, the problem is trivial if the input ma-
trix is constant and has a nonzero element in any row. In fact, if
this is the case, the control law u D ¡BT x , that is, a simple damp-
ing injection, achieves the goal with Ha.x/ D 0, Ja.x/ D 0, and
R.x/ D R D B BT ¸ 0. However, if the preceding conditions are not
satis� ed the problem is much more involved, as discussed in the
following statement.

Proposition 1: Consider system (1) with B1 D [1; 0], B2 D [0; 1],
B3 D [0; 0], and the point x0 D .0; 0; 0/. Assume that I1 6D I2 . Then
the structure preserving stabilizationproblem is (globally) solvable
and a solution(the matrix Ja.x/ is skewsymmetric;hence,theupper
diagonal terms have not been speci� ed) is

Ha.x/ D ¡A3x1x3 C 1
2

A2
3x2

3 C x2
3 x2 C 1

2
x4

3

Ra.x/ D

2

64
R1 0 0

0 R2 C 4A2
3x4

3 ¡2A2
3x3

3

0 ¡2A2
3x3

3 A2
3x2

3

3

75

Ja.x/ D
2

64
0 ? ?

x3=I3 ¡
¡
A3x1 ¡ 2A2

3x3
3 ¡ 2x3x2 ¡ 2x3

3

¢
A3 0 ?

¡A3x2
3

¡
A2

3 C 1
¢

¡ x2=I2 ¡x1=I2 0

3

75

u1.x/ D A3x3
3 ¡ 2A3x3x2

2 ¡ 2A3x2x3
3 C A2

3x2x1 C 2A3
3x3

3

¡A4
3x2

3 x1 C A5
3x3

3 ¡ .1=I3 ¡ 1=I2/x2x3 ¡ R1.x1 ¡ A3x3/

u2.x/ D ¡2A2
3x2

3 x2 ¡ .1=I1 ¡ 1=I3/x1x3 ¡ A3x1x3 ¡ R2

¡
x2 C x2

3

¢

.4/

with A3 D 1=I2 ¡ 1=I1 and Ri positive constants.
Proof: To begin, note that the function

H .x/ C Ha.x/ D 1
2 .x1 ¡ A3x3/

2 C 1
2

¡
x2 C x2

3

¢2 C 1
2
x2

3 (5)

is positive de� nite and proper and that the matrix Ra is positive
de� nite for any nonzero x3 and positive semide� nite for x3 D 0.

Moreover, along the trajectories of the closed-loop system, one
has

PH C PHa D ¡ @[H .x/ C Ha.x/]

@x
Ra.x/

µ
@[H .x/ C Ha.x/]

@x

¶T

· 0

which provesLyapunov stabilityof the closed-loopsystem.Asymp-
totic stability is then proved using a standard La Salle argument and
the properties of the matrix R.x/ discussed earlier. ¤

Remark 2: Note that a substantial change in the interconnection
has been introducedand that the damping matrix Ra.x/ has nonzero
cross terms, that is, it is not a diagonal matrix.

Remark 3: The energy function (5), which is a control Lyapunov
function for the system, can be also derived using backstepping
arguments (see Ref. 16 for further details). However, the control
laws resulting from a straightforwardapplicationof a backstepping
procedure do not possess, in general, the property discussed earlier
(i.e., they do not preserve the structure of the system), or, simi-
larly, the closed-loop system cannot be written as a port-controlled
Hamiltonian system with dissipation.

Simulations have been carried out and sample state and control
histories are displayed in Fig. 1. Note the nonexponential conver-
gence rate.

V. Asymptotic Structure Preserving Stabilization
In the preceding section we have seen that the problem of struc-

ture preserving stabilization for the zero equilibrium of system (1)
is solvable. However, the solution is very complex: The closed-
loop system is a port-controlled Hamiltonian system with an in-
terconnection that is completely different from the interconnection
of the uncontrolled system, and the control law is composed of
several terms. Simpler control laws can be obtained if the less am-
bitious problem of asymptotic structure preserving stabilization is
posed.

Proposition 2: Consider system (1) with B1 D [1; 0], B2 D [0; 1],
B3 D [0; 0], I1 6D I2 , and the target port-controlledHamiltonian sys-
tem P» D ¡®» 3; with » 2 IR and ® > 0, that is, j .» / D 0, r.» / D ®» 2,
and V .» / D 1

2 » 2.
Then the asymptotic structurepreservingstabilizationproblem is

(globally) solvable, and a solution is
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Fig. 2 State and control histories for the control law achieving asymptotic structure preserving stabilization of the zero equilibrium.

z D
µ

z1

z2

¶
D

µ
x1 C ¸1x2

3

x2 C ¸2x3

¶
(6)

u1.x/ D ¡A1x2x3 ¡ 2¸1 A3x1x2x3 ¡ k1

¡
x1 C ¸1x2

3

¢

u2.x/ D ¡A2x1x3 ¡ ¸2 A3x1x2 ¡ k2.x2 C ¸2x3/ (7)

with ¸1¸2 A3 D ¡®, k1 > 0, k2 > 0, A1 D 1=I3 ¡ 1=I2, A2 D 1=I1 ¡
1=I3 , and A3 D 1=I2 ¡ 1=I1.

Proof: Consider the closed-loop system (1–7). Simple calcula-
tions show that

Pz1 D ¡k1z1; Pz2 D ¡k2z2

that is, the set z D 0 is invariant and attractive. Moreover, the well-
de� ned restrictionof the closed-loopsystem (1–7) to the set z D 0 is

Px3 D A3.x1x2/z D 0 D A3¸1¸2x3
3 D ¡®x3

3

hence the claim. ¤
Remark 4: The selection of P» D ¡®» 3 as target Hamiltonian sys-

tem is related to the fact that the system (1) cannot be exponentially
stabilizedby any continuouscontrollaw because,under the assump-
tion of Proposition 2, the linearized system has one uncontrollable
eigenvalue on the imaginary axis. However, if non-differentiable
control laws are considered, it is possible to prescribe faster target
dynamics, for example, P» D ¡j» j¯ » with ¯ > 0.

Remark 5: Note that the control law (7) is much simpler than
the control law (4), yet it provides asymptotic stability and is such
that the closed-loop system behaves like the target port-controlled
Hamiltonian system asymptotically.

Simulations have been carried out and state and control histories,
with the same initial conditions used for the simulations in Fig. 1,
are displayed in Fig. 2. Note the nonexponentialconvergence rate.

VI. Conclusions
The stabilizationproblem for the angular velocity of a rigid body

around the zero equilibrium has been studied from a new point of
view.In particular,it is shownthatit is possibleto achieveasymptotic
stability using control laws that admit an interpretation in terms of
energy � ow and dissipation. Further work is in progress to obtain
stabilizing control laws for the complete model, that is, kinematic
and dynamic, of a simple satellite.
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